Abstract. The celebrated Sz.-Nagy and Foias and Ando theorems state that a single contraction, or a pair of commuting contractions, acting on a Hilbert space always possesses isometric dilation and subsequently satisfies the von Neumann inequality for polynomials in C[z] or C[z 1 , z 2 ], respectively. However, in general, neither the existence of isometric dilation nor the von Neumann inequality holds for n-tuples, n ≥ 3, of commuting contractions. The goal of this paper is to provide a taste of isometric dilations, von Neumann inequality and a refined version of von Neumann inequality for a large class of n-tuples, n ≥ 3, of commuting contractions.
Introduction
In this paper we investigate isometric dilation, von Neumann inequality and a refined version of von Neumann inequality, in terms of algebraic variety in the polydisc D n , for a large class of n-tuples, n ≥ 3, of commuting contractions on Hilbert spaces. The set of all ordered n-tuples of commuting contractions on a Hilbert space H will be denoted as T n (H), that is T n (H) = {(T 1 , . . . , T n ) : T i ∈ B(H),
where B(H) denotes the set of all bounded linear operators on H. Here we are mostly interested in n-tuples, n ≥ 3, of commuting contractions as it is well-known that a contraction, or a pair of commuting contractions, admits isometric dilation and hence, satisfies the von Neumann inequality (see Sz.-Nagy and Foias [24] and Ando [4] ). A refined version of von Neumann inequality, in the sense of algebraic varieties, also follows from the recent papers [3] , [13] and [14] . More specifically, here we are concerned with the validity of the following three statements for tuples in T n (H).
Statement 1 (On isometric dilations): Let T ∈ T n (H). Then there exist a Hilbert space K(⊇ H) and an n-tuple of commuting isometries V ∈ T
n (K) such that T dilates to V . Now any n-tuple of commuting isometries V ∈ T n (K) can be extended to an n-tuple of commuting unitaries, that is, there exist a Hilbert space L containing K and an n-tuple of commuting unitary operators U ∈ T n (L) which extends V [24] . Therefore, the celebrated von Neumann inequality is an immediate consequence of Statement 1 (cf. [24] ):
In this paper, we introduce a large class, namely T n p,q (H) (see Subsection 2.3), of n-tuples, n ≥ 3, of commuting contractions and show that they dilate to n-tuples of explicit commuting isometries. Therefore, Statement 1* and hence Statement 1 holds for tuples in T n p,q (H). This also allows us to prove the von Neumann inequality for tuples in T n p,q (H) (that is, Statement 2 holds). In particular, in a larger context (see the examples in Subsection 2.3), we prove that the Grinshpan, Kaliuzhnyi-Verbovetskyi, Vinnikov and Woerdeman's n-tuples of operators [18] admit explicit isometric dilations and hence yield the von Neumann inequality. Our recipe even provides sharper results with new proofs of the results of Grinshpan, KaliuzhnyiVerbovetskyi, Vinnikov and Woerdeman. Here, however, our treatment of dilations and von Neumann inequality is conceptually different. Our von Neumann inequality is even stronger for finite rank n-tuples of operators in the sense of algebraic varieties (and so, Statement 3 holds). Furthermore, our technique offers some geometric, analytic and algebraic structural insight into the positivity assumptions of n-tuples of operators. Our methodology is motivated by the Hilbert module approach to multivariable operator theory (cf. [27] ).
The rest of the paper is organized as follows. Section 2 introduces terminology used throughout this paper. This section also gives a list of motivating and non-trivial examples of tuples of commuting contractions. Section 3 establishes the existence, with explicit constructions, of isometric dilations for a large class of finite rank n-tuples of commuting contractions. Using the isometric dilations, in Section 4, we obtain a refined version of von Neumann inequality (in terms of an algebraic variety) for finite rank n-tuples of commuting contractions. Finally, in Section 5 we consider the more general problem of describing isometric dilations for n-tuples of commuting contractions. Sections 3 and 5 are independent of each other.
Definitions and Examples
This section is aimed at providing definitions, motivating examples and a known dilation theorem on n-tuples of commuting contractions. First, we introduce some standard notation that will be used in this paper. We denote
Also for each multi-index k ∈ Z n + , commuting tuple T = (T 1 , . . . , T n ) on a Hilbert space H, and z ∈ C n we denote
We begin with the definition of isometric dilations for n-tuples of commuting contractions.
2.1. Dilations of commuting tuples. Let H and K be Hilbert spaces, and let T ∈ T n (H) and V ∈ T n (K). Then V is said to be an isometric dilation of T if V is an n-tuple of commuting isometries and there exists an isometry Π : H → K such that ΠT * i = V * i Π for all i = 1, . . . , n. We also say that T dilates to V . In this case, for k ∈ Z n + , we have ΠT
and so
or, equivalently V * k Q ⊆ Q, where Q = ran Π. This immediately yields the following: (T 1 , . . . , T n ) on H and (P Q V 1 | Q , . . . , P Q V n | Q ) on Q are unitarily equivalent under the isometric isomorphism Π : H → Q, and
for all k ∈ Z n + . Here P Q is the orthogonal projection of K onto Q. Therefore, the n-tuple T has a power dilation to the n-tuple of commuting isometries V , in the classical sense of Sz.-Nagy and Foias and Halmos.
The following example of isometric dilation is typical: Let H 2 (D n ), the Hardy space over D n , be the space of all analytic functions f = k∈Z n + a k z k on D n for which the norm
2.2. Hardy space and dilations. We denote by S n the Szegö kernel on D n , that is, 
It is a well-known fact that
The n-tuple of multiplication operators (
The following is a well-known fact (cf. page 655 in [7] 
With this motivation, for every T ∈ T n (H) we set
The set of all T ∈ T n (H) with S −1
A tuple T = (T 1 , . . . , T n ) ∈ T n (H) is said to be pure if T * m i h → 0 for all h ∈ H and i = 1, . . . , n.
The following theorem on pure n-tuples in S n (H) is one of the most definite and significant results in multivariable dilation theory (see [12] and [23] ). Theorem 2.1. Let T ∈ S n (H) be a pure tuple. If
and
for all z ∈ D n and h ∈ H, is an isometry and
In the sequel, the isometry Π defined in the above theorem will be referred to as canonical isometry corresponding to T .
2.3.
Commuting tuples in T n p,q (H). We now introduce the central object of this paper. Let H be a Hilbert space, and let n ≥ 3 and 1 ≤ p < q ≤ n be fixed throughout the article. Let T ∈ T n (H). For each i ∈ {1, . . . , n}, we definê
For example, let n = 3, p = 1 and q = 2. Then (
Under the additional assumption that T i < 1, i = 1, . . . , n, the above class of n-tuples of commuting contractions has been studied, and denoted by P n p,q (H), by Grinshpan, KaliuzhnyiVerbovetskyi, Vinnikov and Woerdeman in [18] . It is easy to see that T i < 1, i = 1, . . . , n, implies that (T 1 , . . . , T n ) is a pure tuple. More specifically, for every 1
It should be noted, however, that P n p,q (H) is a dense subset of T n p,q (H) for any Hilbert space H. This follows from the fact that if T ∈ T n (H) and S −1 n (T, T * ) ≥ 0, then for any 0 < r < 1
where rT = (rT 1 , . . . , rT n ).
Transfer functions.
Our approach to isometric dilations and refined von Neumann inequality will rely on the theory of transfer functions. Let H, E and E * be Hilbert spaces, and let U : E ⊕ H → E * ⊕ H be a unitary operator. Assume that
Then the transfer function τ U corresponding to U is defined by
for all z ∈ D. Since D ≤ 1, and so zD < 1 for all z ∈ D, it follows that τ U is a B(E, E * )-valued analytic function on D. Moreover, a standard and well-known computation (cf. [2] ) yields that
, that is, τ U is a contractive multiplier. We refer the reader to the monograph by Agler and McCarthy [2] for more details.
Dilations for finite rank tuples in
for all i = p, q. In this section we find explicit dilation for a finite rank n-tuple of commuting contractions in T n p,q (H). Our (explicit) dilation result seems to be especially more useful in studying refined von Neumann inequality. Recall that for T ∈ T n (H) and i ∈ {1, . . . , n},T i is defined asT
Let us also introduce the following notations, which will be extensively used in the sequel.
the (n − 2)-tuple obtained from T by deleting T p and T q , and
the (n − 1)-tuple obtained from T by removing T q and replacing T p by the product T p T q . We begin with the following useful lemma on defect operators.
and similarly
q . This completes the proof of the lemma.
Therefore, if T ∈ T n p,q (H), then it follows clearly from the above lemma that the map
, which we denote again by U. This implies the first part of the lemma below.
where the series converges in the strong operator topology.
Proof. We only need to prove the second part. Let h ∈ H. Using 
for all h ∈ H and m ≥ 1. The proof now follows from the fact that T * m q h → 0 as m → ∞ and D ≤ 1. 
where
. In particular, T on H dilates to the n-tuple of commuting isometries
Proof. SinceT p ∈ S n−1 (H) is a pure contraction, we have
for z ∈ D n−1 and h ∈ H, is the canonical isometry corresponding toT p (see Theorem 2.1). We prove that
for all z ∈ D, is the transfer function corresponding to the unitary map U * . Since dim DT p < ∞, the equality (2.1) implies that τ U is an inner multiplier on D. Also we compute
and so, by Lemma 3.2
Φp Π. This completes the proof.
The discussion in Subsection 2.1 gives another way to describe the above dilation theorem: If T ∈ T n p,q (H), then T and
on Q are jointly unitarily equivalent, where
is a joint invariant subspace for
).
A natural question arises about the isometric dilation: What can be said if the assumption of finite dimensionality in Theorem 3.3 is removed? In the general case, the above ideas allow one to prove that Φ p is a contractive multiplier. We proceed as follows: Let DT p or DT q is an infinite dimensional Hilbert space. Let D be an infinite dimensional Hilbert space such that the isometry
for h ∈ H, extends to a unitary, again denoted by U, on
Then the same conclusion as in Lemma 3.2 holds for the unitary
However, in this case, the transfer function τ U * is a contractive analytic function. Then following the same line of argument as in the proof of Theorem 3.3, we have: 
In Theorem 5.3 we present a sharper version of the above theorem: Every n-tuple in T n p,q (H) has an isometric dilation. This will require a completely different method. As is discussed in the following sections, the finite rank assumption in Theorem 3.3 will turn out to be useful for refined von Neumann inequality.
von Neumann inequality for finite rank tuples in T n p,q (H)
In this section, we use the isometric dilations developed above to prove the von Neumann inequality for finite rank tuples in T n p,q (H). First we recall the notion of completely non-unitary contractions [24] . A contraction T on H is said to be completely non-unitary if there is no non-zero closed reducing subspace S ⊆ H for T such that T | S is a unitary operator. This notion has proved to be useful in the following sense: If T ∈ T 1 (H), then there exists a unique decomposition H = H u ⊕ H c of H reducing T , such that T | Hu is unitary and T | Hc is completely non-unitary. We therefore have the canonical decomposition of T as:
We need first the following result noted in [13, Proposition 4.2]. 
Now we turn to the distinguished varieties in D 2 [3] . Recall that a non-empty set V in C 2 is a distinguished variety if there is a polynomial p ∈ C[z 1 , z 2 ] such that
and V exits the bidisc through the distinguished boundary, that is,
Here ∂D 2 and ∂D × ∂D denote the boundary and the distinguished boundary of the bidisc respectively, and V is the closure of V in D 2 . We denote by ∂V the set V ∩ ∂D 2 , the boundary of V within the zero set of the polynomial p and D 2 .
In the seminal paper 
In the following result, we restrict ourselves to the case T n 1,2 (H), for simplicity. The general case can be dealt with using a similar argument.
Theorem 4.2. If T ∈ T n 1,2 (H) is a finite rank operator, then there exists an algebraic variety V in D
n such that for all p ∈ C[z 1 , . . . , z n ], the following holds: and
If, in addition, T 1 is a pure contraction, then there exists a distinguished variety
is the unitary as in Lemma 3.2. Let
be the canonical decomposition of A * on 
is a rational matrix inner function (cf. page 138, [3] ), the characterization result of distinguished varieties by Agler and McCarthy (Theorem 1.12 in [3] ) implies that
Since the discussion following Theorem 3.3 implies that T on H and
are unitarily equivalent, it follows that
Clearly, the right side is equal to
Hence we have
.
Now for each θ 1 , . . . , θ n−1 , the orthogonal decomposition of |p(λ, e iθ 1 , . . . , e iθ n−1 )|, for all s = u, c, and hence
Consequently we have
and hence, by continuity
This proves the first part of the theorem. Assume now that T 1 is a pure contraction. It is enough to prove that V u is an empty set. Since Φ u (z) ≡ A * u , z ∈ D, and A u is a unitary on D u , this is equivalent to proving that
which is further equivalent to the condition that A * is completely non-unitary. First, we observe that (see (4.1)) As we have pointed out before, the above von Neumann inequality for tuples in T n p,q (H) is finer and conceptually different (under the finite rank assumption) from the one obtained by Grinshpan, Kaliuzhnyi-Verbovetskyi, Vinnikov and Woerdeman [18] . Recall that (see Equations (3.1) and (3.2)) for T ∈ T n (H), we denotê
Dilations for tuples in T
the (n − 1)-tuple obtained from T by removing T q and replacing T p by the product T p T q . We begin with a simple but important observation.
, thenT pq is a pure tuple andT pq ∈ S n−1 (H). Proof. Since T p T q = T q T p and T q is a pure contraction, it follows that T p T q is a pure contraction, and henceT pq is a pure tuple. On the other hand, by (3.3) we have 
is an inner polynomial in z p of degree at most 1. This point of view will be used in what follows to develop the dilation theory for tuples in T n p,q (H). We now proceed to give an explicit description of isometric dilations of tuples in T 
for all i = 1, . . . , n − 1, where
In other words, (R 1 , . . . , R n−1 ) =T pq , that is
. Now let E be a Hilbert space, and let V : DT pq → E be an isometry. Let
is an isometry and
) via the isometry Π V,pq . Now we are ready to prove the key lemma.
Lemma 5.2. Let H and E be Hilbert spaces, let T ∈ T n p,q (H), and let V and Π V,pq be as above. Let F 1 and F 2 be bounded operators on H, and let
, is an inner polynomial in z p of degree at most 1.
Proof. Because of the symmetric roles of T p and T q , we only prove that Π V,pq T *
and let η ∈ E. Using the definition of Π pq , we have 
